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Abstract 

In this paper we study the 2D stochastic quasi-geostrophic equation on for general 
parameter a G (0, 1) and multiphcative noise. We prove the existence of weak solutions for 
additive noise, the existence of martingale solutions and Markov selections for multiplicative 
noise and under some condition pathwise uniqueness for all a G (0, 1) . In the subcritical 
case a > 1/2, we prove existence and uniqueness of (probabilistically) strong solutions. In 
particular, we prove ergodicity provided the noise is non-degenerate for a > |. In this case, 
the convergence to the (unique) invariant measure is exponentially fast. 
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1 Introduction 

Consider the following two dimensional (2D) stochastic quasi-geostrophic equation in the peri- 
odic domain = M7(27rZ)2: 

= -u{t,o ■ v^(t,0 - K{-Are{t,o + {G{9)v){t,0, (1-1) 

with initial condition 

^(0,0 = ^0(0, (1.2) 
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where 0{t,C,) is a real-valued function of ^ G and t>0, 0<a<l,K>0 are real numbers. 
u is determined by 6 through a stream function ip via the following relations: 

u = {uu U2) = {-R2O, Ri9) = R^e. (1.3) 

Here Rj is the j-th periodic Riesz transform and ri{t,C,) is a Gaussian random field, white 
noise in time, subject to the restrictions imposed below. The case a = ^ is called the critical 
case, the case a > | sub-critical and the case a < | super-critical. 

This equation is an important model in geophysical fluid dynamics. The case a = 1/2 
exhibits similar features (singularities) as the 3D Navier-Stokes equations and can therefore 
serve as a model case for the latter. In the deterministic case this equation has been intensively 
investigated because of both its mathematical importance and its background in geophysical 
fluid dynamics (see for instance [CV06], [Re95], [CW99], [Ju03], [Ju04], [KNV07] and the 
references therein). In the deterministic case, the global existence of weak solutions has been 
obtained in [Re95] and one most remarkable result in [CV06] gives the existence of a classical 
solution for a = 1/2. In [KNV07] another very important result is proved, namely that solutions 
for a = 1/2 with periodic C°° data remain C°° for all times. 

In this paper we study the 2D stochastic quasi-geostrophic equation on for general 
parameter a G (0, 1) and for both additive as well as multiplicative noise. 

For a G (0, 1): We prove the existence of weak solutions in the sense of Definition 3.1 (ii) 
with additive noise (Theorem 3.4). We also prove the existence of martingale solutions for 
multiplicative noise under two different assumptions on G (see (G.l) and (G.2) in Section 4): 
under (G.l) we use Galerkin approximations and the compactness method in [FG95] (Theorem 
4.2) and under (G.2) we use Aldous's criterion (Theorem 4.5). In order to prove the existence 
of (probabilistically strong) solutions and ergodicity in subsequent sections, we need norm 
estimates for solutions, which are obtained by using the L^-Ito formula proved in [KrlO]. But 
these L^-norm estimates we cannot prove by Galerkin approximation, instead we use another 
approximation (Theorem 4.3). Pathwise uniqueness is obtained under some extra condition on 
the solution (Theorem 5.6). But, in general, we cannot prove a solution satisfies this condition, 
except for very special cases (see Remark 5.7). Using an abstract result for obtaining Markov 
selections from [GRZ09], we prove the existence of an a.s. Markov family (Theorem 6.5). 

For a > 1/2: We obtain pathwise uniqueness (Theorem 5.1) and therefore get a (proba- 
bilistically strong) solution (Theorem 5.4) by the Yamada-Watanabe Theorem. In particular, 
it follows that the laws of the solutions form a Markov process. For this, we need to show decay 
of the solutions' L^-norm for suitable p. 

For a = 1/2: Using a result from the deterministic case in [KN09] and [CV06], we also 
prove that there exists a unique solution of the 2D stochastic quasi-geostrophic equation in the 
critical case driven by real linear multiplicative noise (Remark 5.7). 

Then we prove the ergodicity of the solution in the subcritical case, provided that the noise 
is non-degenerate and regular. The proof follows from employing the weak-strong uniqueness 
principle in [FR08] (Theorem 7.1.3) and as usual first establishing the strong Feller property 
(Theorem 7.1.2). Though one would expect to get ergodicity for a > |, surprisingly it turns out 
that one needs a > |. As the dynamics exists only in the martingale sense and standard tools 
of stochastic analysis are not available, the computations are made for an approximating cutoff 
dynamics, which is equal to the original dynamics on a small random time interval. As the 
noise is non-degenerate, we can use the Bismut-Elworthy-Li formula to prove the strong Feller 
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property. Since in our case a < 1, it is more difficult to use the if "-norm to control the nonlinear 
term even though the equation is on T^. To prove the weak-strong uniqueness principle we need 
some regularity for the trajectories of the noise. Therefore, we need conditions on G so that 
it is enough regularizing. However, in order to apply the Bismut-Elworthy-Li formula, we also 
need to be regularizing enough. As a result, a > 2/3 is required (see Remark 7.1.1 below 
for details). It seems difficult to use the Kolmogorov equation method as in [DD03], [DO06] or 
a coupling approach as in [O08] in our situation (see Remark 7.1.1 below). 

In order to prove the exponential convergence (see Theorem 7.4.5), we need to show decay 
of the solutions' L^-norm for suitable p. To prove this, we also need the improved positivity 
lemma ( see Lemma 7.4.1 below ). 

This paper is organized as follows. In Section 2, we introduce some notations as preparation. 
In Section 3, for additive noise we prove the existence of weak solutions (in the sense of Definition 
3.1 (ii) below). In Section 4, we prove the existence of martingale solutions for general parameter 
a G (0, 1) and multiplicative noise. In Section 5, we prove pathwise uniqueness (under some 
extra condition on the solutions) for all a e (0,1). Furthermore, we get the existence and 
uniqueness of (probabilistically strong) solutions for multiplicative noise in the subcritical case. 
Moreover, we prove the Markov property for this unique solution. For the general case a G (0, 1) 
the existence of Markov selections is obtained in Section 6. In Section 7, for a > 2/3, and 
provided the noise is non-degenerate, we prove the ergodicity of the solution and the exponential 
convergence to the (unique) invariant measure. 



2 Notations and Preliminaries 

We consider the usual abstract form of equations (1.1)- (1.3). In the following, we will restrict 
ourselves to flows which have zero average on the torus, i.e. 

Thus (1.3) can be restated as 

dip dip 



u 



, ^) and (-A)i/2^ = -9. 



Set H = {f & L^(T^) : fdC, = 0} and let | ■ | and (., .) denote the norm and inner product 
in H respectively. On the periodic domain T^, {sin(fc^)|fc G Z^} U {cos{k$^)\k G Z^} form an 
eigenbasis of -A. Here = {{h,k2) G Z'^\k2 > 0} U {(A;i,0) G Z'^\ki > 0},Zl = {{ki,k2) G 
Z^l — /c G Z^},x G T^, and the corresponding eigenvalues are Define 

k 

and let denote the Sobolev space of all / for which is finite. Set A = (— A)^/^. Then 

= |A7|. 
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By the singular integral theory of Calderon and Zygmund (cf [St70, Chapter 3]), for any 
p G (1, oo), there is a constant C = C{p), such that 

\\u\\l.<C{p)\\9\\l,. (2.1) 

Fix a e (0, 1) and define the linear operator A : D{A) = H'^"{T'^) C H H as Au : = 
k(— A)"m. The operator A is positive definite and selfadjoint with the same eigenbasis as that 
of — A mentioned above. Denote the eigenvalues of A by < Ai < A2 < ■ ■ ■ , and renumber the 
above eigenbasis correspondingly as ei,e2,.--- We also set := \A^^^u\, then > Ai|^p. 

First we recall the following important product estimates (cf. [Re95, Lemma A.4]): 

Lemma 2.1 Suppose that s > and p G (1, 00). If /, G S, the Schwartz class, then 

||A'(/^?)||l. < C(||/|Upi||^?||™ + |blUp3||/||™), (2.2) 
with Pi G (1, 00), z = 1, 4 such that 

1 _ 1 1 _ 1 1 

P Pi P2 P3 Pi 

We shall use as well the following standard Sobolev inequality (cf. [St70, Chapter V]): 
Lemma 2.2 Suppose that 5' > l,p G [g, 00) and 

1 a _l 
p 2 q 

Suppose that A'^f G L'^, then f E and there is a constant C > such that 

II/IIl. <C||avI|l.. 
3 Existence of solutions for additive noise 

In this section, we consider the abstract stochastic evolution equation in place of Eqs (1.1)-(1.3), 

r d9{t) + Ae{t)dt + u{t)-ve{t)dt = G{e{t))dw{t), 

\ ^(0) = e,eH, ^^-^^ 

where u satisfies (1.3) and W{t) is a cylindrical Wiener process in a separable Hilbert space K 
defined on a filtered probability space (f^, J-", {J^t}t&[o,T]^ P)- Here G is a measurable mapping 
homm to L2{K,H). 

Definition 3.1 (i) We say that there exists a (probabilistically) strong solution to (3.1) over 
the time interval [0,T] if for every probability space {VL, , {J^t\t£[o,T]^ P) with an J^f- Wiener 
process W , there exists an J-'^-adapted process 9 : [0, T] x 17 — )■ if such that for P — a.s. uj eVL 

e{; 00) G L°°(0, T; H) n L\0, T; H^) n C([0, T]; H^) 
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and P-a.s. 



{9{t),^)+ / {A'/'e{s),A'/^^)ds- / {uis)-W^,eis))ds={eo,^) + { Gie{s))dW{s),ip) 





for all t G [0,T] and all (f G C^(T^), (assuming also that all integrals in the equation are 
defined). Here C{[0,T]; H^) denotes the space of iJ- valued weakly continuous functions on 
[0,T]. 

(ii) If 6 is not an J-'^-adapted process, then for additive noise the equation is still defined. 
In this case we call 6 a (probabilistically) weak solution. 

Remark 3.2 Note that, because divu = for regular functions 6 and v, we have 
so 

{uis) ■W9is),ij) = ~{uis) ■V^,9{s)). 
Thus the integral equation in Definition 3.1 corresponds to equation (3.1). 

Assumption 3.3 Assume that G does not depend on 9 and Tr(A^(^+'^~"^+^GG*) < oo for 
some e > 0, where cr := (1 — 2a) V 0. 

Consider the 0-U equation 

dz{t) + Az{t)dt = GdW{t). 

It is known that the process 

z{t) = [ e-^'-'^^^GdWis) 
Jo 

is a solution with continuous trajectories. 

Under Assumption 3.3 by standard methods we obtain that supo<t<j' ||Vz(t)||L'j < oo P — 
a.s. with g = (^ + e) V 2 for some e > (see e.g. the proof of [DZ92, Theorem 5.16]). 

Theorem 3.4 Let a G (0, 1) and suppose that Assumption 3.3 holds. Then for each initial 
condition 9o G H, there exists a weak solution 9 of equation (3.1) over [0,T] with initial 
condition 9{0) = 9q. 

Proof By the classical change of variable v{t) = 9{t) — z{t) we obtain the differential equation 

^ + Avit) + uit) ■ Vivit) + zit)) = 0. (3.2) 

For almost all given paths of the process z{t) we study this equation as a deterministic evolution 
equation. 

Let Pn be the orthogonal projection in H onto the linear space spanned by Ci, ...e„. Consider 
the ordinary differential equation 

+ Av^it) + P^Mt) ■ V{v„{t) + zm = 0, 

dt 



with initial condition 

Vn{0) = PnVQ. 

Here m„ satisfies (1.3) with 6 replaced by Vn + z. 
Its solution satisfies 

\i.K? + IK'nf = {-Un{t) ■ VK(t) + Z{t)), Vn{t)). 

2 at 

Here w G ^2 is fixed. For simplicity, in the following estimate, we set v = Vn and u{t) 
Uv{t) + Mz(t), and Uz satisfying (1.3) with 6 replaced by v and respectively. We have 

\{-u{t)-V{v{t) + z{t)),v{t))\ =\Mt)-Vz{t),v{t)) + {uz{t)-Vz{t),v{t))\ 

<C|| V-Zll^g + C||V2;||L'j||2;||Lp||'i^||LP- 



Here - + - = 1. Since 

q p 



where (3 = ^^p-, by Young's inequality, we obtain 
l_d 

Therefore, for all t G [0,T] 



v\' + \\vf < e\\vf + C{e)\v\' + C{e)\v\'\\Vz\\];}'~^^ + C||V^||i.. 



|t;(t)r<e^*^(^+II^^WII^''''"")'^^|t;oP + C re/'^(i+ll^^(^)lli'^'"'')^1|V^(r)||l.dr, (3.3) 

Jo 

and for [r,t] C [0,T], 

r ll^^ll'c^r < \v{r)\^ + C /"Vp + Ivl^VzW]!}^-^^ + || V^||i,)rfr. (3.4) 

J r J r 

Then by Assumption 3.3, all the terms in (3.3) and (3.4) containing z are uniformly bounded 
in t. Therefore, from (3.3) and (3.4) (which hold true for Vn) we obtain that the sequence Vn 
is bounded in L°°{0,T] H) and in L^(0,T;iJ"). It is obvious that there exists an element 
V G L°°{0, T; H) fl L^(0, T; H") and a sub-sequence such that 

f ^ — )■ f in L^(0, T; if") weakly, and in L°°(0, T; ii) weak-star, as m — )■ oo. 

In order to prove the strong convergence in L^(0,T; H), we need to use [FG 95, Theorem 2.1]. 
So we just need to prove that ||fn||vy^.2(o,r,H-3) is bounded for some 1/2 < 7 < 1. Then by 
compact embedding, we have v'^ ^ v in L^(0, T; H) fl C([0, T]; H~/^) strongly for some (3 > 3. 
Note that Vn also satisfies 



Mt),^)+ / {A'/\n{s),A'/^^)ds- / {un{s) ■V^,Vn{s) + z{s))ds = {PnVo,^), (3.5) 
Jo Jo 

for all t G [0,T] and all tp G C^(T^). Then taking the limit in (3.5), we obtain the result. 
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Now decompose w„ as 

Vn{t) = PnVo - / AVn{s)ds - / P„(u„(s) ■ V(f„(s) + z{s)))ds. 

Jo Jo 

By (3.4) we obtain 

II / AVn{s)ds\\wi.2^o^T,H-'-) < C. 

Jo 

And by H'^ C L°°, we have for 6* G e H^, 

\{u-v9,^p)\ = \{u-v^,e)\ < l^niv^iu < \o\m'\\H^. 

Then 

\\Pn{Un-'^{Vn + z))\\l2(0,T;H-^) <T^^'^ SUp | f „ (s) + 2;(s) ^ < C, 

o<s<r 

whence 

II / PniUnis) -ViVnis) + z{s)))ds\\wi,2(^o^T^H-S) < C. 

Jo 

Clearly for a Banach space B, W^'^{0,T; B) C Vr^'2(0,T; B). So we have proved 



□ 



||^n||H^7.2(o,r,H-3) < C. 

Thus the assertion follows. 

4 Martingale solutions in the general case 

In this section, we consider multiplicative noise in the general case a G (0, 1). First we introduce 
the following definition of a martingale solution. 

Definition 4.1 We say that there exists a martingale solution of the equation (3.1) if there 
exists a stochastic basis (fi, J^, {J^t\t<^[o,T]i P)^ a cylindrical Wiener process W on the space K 
and a progressively measurable process 6* : [0, T] x f2 — )■ if, such that for P-a.e. w G i?, 

^(■, u) G L°°(0, T; if) n L2(0, T; ii°) n C([0, T];H~^), 

where /3 > 3, and such that P-a.s. 

{e{t), 0) + ['{A'/'eis), A'/^(P)ds - [\u{s) ■ V0, e{s))ds = (^o, 0) + ( f G(^(s))ciiy(s), 0), 

(4.1) 

for t G [0, T] and all G ^^(T^). 

Let fnyn £ be an ONB of K and consider the following two conditions: 

(G.l)(i) 1^(^)1^^^^^^ < Aol^'p + p,9 ^ if", for some positive real numbers Aq and p. 

(ii) If y, Vn G if" such that ?/„ ^ y in if, then lim^^oo \\G{yn)*{v) - G{yY{v)\\K = for all 

V G c^m. 
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(G.2)For yeK 

oo 

G{u)y = ^{bkA''u + Cku){y,fk)K,ue H", 

k=l 

where bk,Ck G ^-(T^) satisfying EkbliO < '^^^Ek^UO < M,^ e 

Theorem 4.2 Let a G (0,1). Under Assumption (G.l), there exists a martingale solution 

{Tt},P,w,e) to (3.1). 

Proof [Step 1] Let P„ be the orthogonal projection in H onto the space spanned by ei, ...e„. 
Consider the Faedo-Galerkin approximation. 

dOnit) + Aen{t)dt + Pn{Un{t) ■ Ven{t))dt = P„G(e„ (t) )diy (t) , 

where m„ satisfy (1.3) with 6 replaced by 6'„. Since all the coefficients are smooth in PnH, this 
equation has a martingale solution 6'„ G L^(f2; C([0, T]; P„if)). 
Since we have 

by Ito's formula, for all p > 2 we have 

d\9^{t)\p+p\e:M''-''\Kfdt<p%^^^^^ 

By classical arguments, we easily show that there exist positive constants Ci(p),C2, for each 
p > 2, such that (cf [FG95, Appendix 1]) 

E{ sup Ms)\n<C,{p), (4.3) 

0<s<T 

and 

rT 



E / \\en{s)\\''ds<C2. (4.4) 

JO 

[Step 2] Now decompose 6^ as 

^n(t)=Pn^O- / Aen{s)ds- [ (u„ (s) ■ (s) )cis + / P„G(^„(s))rfiy (s). 

JO JO JO 

By (4.4) we obtain 

E\\ Aen{s)ds\\wh2(o^T,H-'-) < C. 
Jo 

And by H'^ C we have for 6* G v e 

\{u-Ve,v)\ = \{u-Vv,e)\ < |^niVt;||oo < \0\^\\v\\H'i- 

Then 

E||P„(n„, ■ V^„)IU2(o,T;H-3) < Ti/2^[ sup |e„(s)|2] < C, 

0<s<T 
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whence 

ft 



E\\ / Pn(u„(s) ■ V6'„)(is||H/i,2(o,r,H-3) < C. 
Jo 

By [FG95, Lemma 2.1], Assumption (G.l), and (4.3), (4.4), we have 

E\\ t PnG{e,,{s))dW{s)\\w-,aio^T:H) < C. 

Jo 

Clearly, for a Banach space B, W^^^{0, T; B) C 1^^-2(0, T; 5) for < 7 < 1. So, we have proved 

E\\9n\\wi''^{0,T,H-i) < C. 

Recalling (4.4), this implies that the laws C{6n),n G N are bounded in probabihty in 

L2(0, T; H"") n Vr^'2(0, T, i7-3) 

and thus are tight in L2(0,T; H) by [FG95, Theorem 2.1]. 

Arguing similarly for the term PnG{9n{s))dW{s), on the basis of the estimate (4.3), we 
apply [FG95,Theorem 2.2] and have that the family £(^„), n e N, is tight in C([0, T]; H"^), for 
all given /3 > 3. Thus, we find a subsequence, still denoted by On, such that £(6'„) converges 
weakly in 

L2(0,T;if)nC(0,T,if-^). 

By Skorohod's embedding theorem, there exist a stochastic basis {Q} , J^^ , {T}}te[o,T], P^) 
and, on this basis, L'^{0,T; H) fl C(0, T, if~^)-valued random variables 6^,6\,n > 1, such 
that el has the same law as 9^ on L'^{0,T;H) n C(0, T, i/"^), and 0^ in L'^{0,T;H) D 

C{0,T,H-'^),P^ -a.s. For we also have (4.3) and (4.4). Hence it follows that 

e\-,io) G L2(0,T;/7") nL°°(0,T;/7) for P^ - a.e uj e f2. 

For each 9^ we have that satisfies (1.3) with 9 replaced by 9^. 
For each n > 1, define the process 

M'nit) ■.= 9\{t)-PJl+ f A9l{s)ds+ f PnK{s).V9l{s))ds. 

Jo Jo 

In fact is a square integrable martingale with respect to the filtration 

{<3l}t = <y{9l{s),s<t}. 

Then by a standard method (cf [FG95], [DZ92]) we obtain the martingale solution. 



□ 



In order to get an estimate for the norm, we need to use another approximation. 



Theorem 4.3 Let a G (0, 1). If G G L2{K,H) satisfies (G.l) and also the following condi- 
tions: for all ^ G n Lp(T2), 



;E \G{9m\Y'd^ <C{j Wdi + 1), Vt > 0, 



(4.5) 



with 2 < j9 < cx) for some constant C := C{p) > and for all Oi, 62 e H"' (1 Lp{T^), 

I (E - G{e,)){f,)\y/'di <c l\e,- ^^r^e, (4.6) 
J ■ J 

then there exists a martingale solution {Q, J^, {J^t}, P,W,9) to (3.1). Moreover, if ^ i^^(T^) 
with p > 2, then 

E sup \\9{t)\\LP < oo. 
te[o,T] 

Remark 4.4 Typical examples for G satisfying (4.5) have the following form: for 6 G iJ" 

oo 

G{e)y = J2h{yJk)K0,yeK 

k=l 

where bk are C°° functions on satisfying YlT=i ^liO — ^■ 

Proof [Step 1] We first establish the existence of L^-bounded solutions of the linear equation: 

dOit) + Ae{t)dt + w{t) ■ Ve{t)dt = ks* G{e)dW{t), (4.7) 

with a given coefficient function w{t) which satisfies divw(t) = and sup^gjgy] ||w(t)||c3 < G. 
Here ks * G{6) means for y E K , ks * G{9){y) = ks* {G{9){y)), where ks is the periodic Poisson 
kernel in given by ks{C) = e~'^'''',C G Z^. First, we consider G not depending on 6. Now 
take z = £ e-^'-'^^ks * GdW{s),v = 9 - z. We have 

dv{t) + Av{t)dt + w{t) ■ W{v + z(t))dt = 0, 

which is easily seen to have a solution v G C([0, T]; if) fl L^([0, T]; H°'). We have for any s > 0, 

^\A'v\^ + 2\A'+%\^ < G(\\w\\c3(j2))\A'v\^ + |A^+"t;p + C(|A^+"^|). 
dt 

By this estimate and a standard argument we prove that if f (to) ^ H^, then i; G G{[to, T], iJ*) fl 
L2([to,T],iJ^+"). Then we obtain v G C((0,T];/7^) for any 3 > s > 0. Thus we get 
the existence of L^-bounded solutions for additive noise. Then consider the mapping P : 
Li(n,L°°([0,T],LP)) ^ Li(fi,L°°[0,T],Lf)) defined by P(^i) = 9, where 9 satisfies (4.7) with 
G{9) replaced by G{9i). Thus, by considering the norm [£'sup^g[Q.p](e~^''||6'(s)||^p)]^/^ for suit- 
able P G (0, oo) and a similar calculation as (4.9) below, we obtain P maps L^{Q, L°°[0, T], L^)) 
into itself and is a contraction. Thus, the equation 9i = T{9i) has a unique solution. Hence 
(4.7) has a unique bounded solution. 

[Step 2] Now we construct an approximation of (3.1). 

We pick a smooth > 0, with supp0 C [1,2], 0=1, and for 5 > let 

POO 

Us[9]{t):= / (t>{r){ks * R^9){t - 5T)dT, 
Jo 

where ks is the periodic Poisson Kernel in given by ks{C) = e~^'''',C G Z^, and we set 
9(t) = 0,t < 0. We take a zero sequence 5„ and consider the equation: 

d9n{t) + A9n{t)dt + Un{t) ■ V9n{t)dt = ks„ * G{9)dW{t), (4.8) 
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with initial data 6n{0) = Oo and Un = Us^[6n]- For a fixed n, this is a hnear equation in 6n on 
each subinterval [tk,tk+i] with tk = k6n, since m„ is determined by the values of 9n on the two 
previous subintervals. By [Stepl], we obtain the existence of a solution to (4.8). 

[Step 3] It is sufficient to show that 9n converge to the solution of (3.1). This follows by 
similar arguments as in the proof of Theorem 4.2. Just as in Theorem 4.2, we only need to 
prove 

-E'll^n||vK^.2(0,T,H-3) < C. 

Here we can't bound by pointwise in time. Instead, we have 

sup \Un\ < C sup \9n\- 
[0,t] [0,t] 

Thus by a small modification of the proof of Theorem 4.2, we get the martingale solution 

((],j-,{j-f},p,iy,^) to (3.1). 

[Step 4] Now we prove the last statement. It is sufficient to prove that 

E sup \\e4t)\\i,<c. 

te[o,T] 

We write for simplicity 6{t) = 6n{t,C). By [KrlO, Lemma 5.1], we have 

mmi. =1100111. + [\-p [ \9is)r'9is)iA''^9is)+u{s).V9{s))d^ 

Jo JT2 

+ l:pip-i) [ i^(=^)r'(Ei^^"*^(^(^))(/^)i')^^]^^ 

2 Jt2 ^ 

+P f I \9{s)r^9{s)ks„^G{9{s))didW{s) 

Jo Jj2 

<mir+ f \p{p-i) I \o{s)r\Y.\^8,-.*G{9{s)){f,)\')dids 

Jo ^ JT2 ~^ 

+P r / \9{s)\^~''9{s)k,^^G[9{s))didW{s) 
Jo Jt^ 

<\\0o\\% + j\ej^^ \9{s)\^di + C{e) j C£ * G{9{s))U))?f"di)ds 
+P [ [ \9{s)r^9{s)ks,,*Gi9{s))d^dW{s). 

Jo JT2 

Then by the Burkholder-Davis-Gundy inequality, Minkowski's inequality and the same estimate 
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as in the proof of (6.4) in [KrlO] and (4.1) we have 

E sup \\9{s)\\l, <E\\eo\\l, + E !\e [ \9{s)M + C [ {J^lh,. * Gie{s)){f,)\Y'dOds 
se[o,t] Jo Jt^ J j 

+pE{ A / \e{s)r\Yl 1^^" * G{e{s)){f,)\'y/'dO'dsy/' 

Jo Jt^ , 
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<E\\eo\\% + E 1^ {ej^^ \e{s)\pd^ + c I {J2\k5,-.*G{e{s)){f,)\y/'dOds 
+pE sup imwi/i [\ I C£ 1^^.. * G{e{s))U))\ydif'^dsfi' 

se[o,i] Jo Jt^ j 

<E\M% + E [\e I \e{s)\^d^ + G [{J2\G{e{s)){f,)\Y'dOds 

+c{T)E sup ms)\\i-\ A / {J2\Gmm\Y'dOdsy/^ 

s£[0,t] Jo JT2 J 

<E\\eo\\l,+eE sup \\e{s)\\l, + G,E f \\e{s)\\l,ds + C2 (4.9) 
se[o,t] Jo 

<E\\eo\\%+eE sup ms)\\l, + f E sup \\e{s)\\l,da + C^. 

se[0,t] Jo sG[0,o-] 

By Gronwall's lemma, the assertion follows. □ 
Theorem 4.5 Let a G (0,1). Under Assumption (G.2), there exists a martingale solution 

(fi,^, {j't}.p.w,e) to (3.1). 

Proof The proof is similar to the one for Theorem 4.2. The only difference is the proof of 
^(■, uj) G C([0, T]; H~^). Here by Aldous' criterion it suffices to check that for all stopping times 
Tn < r and 6n — >■ 0, 

limE||^„(r„ + Sn) - 0niTn)\\H'l3 = 0. 
n 

This can however be checked easily. □ 

5 Uniqueness of solutions 

In this section, we will prove pathwise uniqueness for equation (3.1). First we prove uniqueness 
in the subcritical case. 

Theorem 5.1 Assume a > |. If G satisfies the following condition 

\\A^'/\G{u) - G(t;))||i,(^,^) < P\A~'/\u - v)f + P,\A'^-Hu - v)f, (5.1) 

for all u,v G H°', for some /3 G M independent of u,v, and Pi < 2k, then (3.1) admits at most 
one probabilistically strong solution in the sense of Definition 3.1 such that 

sup ||6'(t)||Lq < oo, P — a.s., 

t&\0,T] 
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with 0<l/g<a — |, and 

E sup |A"i/2^(t)p < oo. 

te[o.T] 

Remark If in Remark 4.4 bk = fik^k for /i^ G M , then (5.1) is satisfied. 

Proof Let 9i, 62 be two solutions of (3.1), and let {ek}k&n be the eigenbasis of A from above. 
Then their difference 6 = 61 — 62 satisfies 

{ip,e{t))- [ {u-vip,ei)ds- [ {u2-Vip,e)ds+K [ {e,A'^"iij)ds = [ {ip,{G{ei)-G{e2))dw{s)). 

Jo Jo Jo Jo 

(5.2) 

Now set (pk = {Gk,Oit)),ipk = (A ^ek,6{t)). Ito's formula and (5.2) yield 

<Pk^k= / <Pkdipk+ / ipkd(t)k + {VkAk)it) 
Jo Jo 

=2 [ {u- Vefc, ^i) (A-^^, ek) + (us ■ Ve^, 6) {A-'9, e,.) - /^(A^^efc, 9) {A-^O, ek)ds 




+2/ {A-'e,ek){ek,{G{ei)-Gie2))dW{s))+ / ((G(^i)-G(^2))*efc,(G(^i)-G(^2))*A-'efc)rfs. 
7o Jo 

(5.3) 

The dominated theorem implies: 

/" (n ■ Vefc,6'i)(A~^6',efc)rfs /" h-^u ■ "^di, A^'^O) nids, N ^ 00, 
k<N -^0 -^0 

XI / {u2-^ek,e){A-'^e,ek)ds ^ [ ^^-1(^2 ■ V^, A~i^)^^irfs, iV ^ 00, 

and ^ ^ 

[ {A^''ek,9){A-^9,ek)ds ^ [ {6, A^''-^ 6) ds, N ^ 00. 

k<N^O Jo 

Furthermore, since 

r \A-y'e\^A~'/\G{e,)-G{e2mi^^^^)ds < Csup \e{s)\' f \\A-''\G{e,)-G{e2))\\l,(K,H)ds < oo, 

Jo s<t Jo 

we obtain 

Aa-^^, Ck) {ek, {Giei)-G{e2))dW{s)) ^ Mi := ['{A-'/'e, A-'/\Giei)-G{e2))dW{s)), N^oo. 

k<N-^0 ^0 

Finally, the following inequality holds: 

Y fmOi) - G(^2))*e,, (G(^0 - G(^2))*A-^e,)rf. < f \\A~'l\G{e,) - G(^2))|lL(^,^)rfs. 

k<j^JO Jo 
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Thus, summing up over k < N in (5.3) and letting — oo we obtain 

Jo 

<2M{t) + 2 / H.,{u ■ VOu A-'e)H, + H.,{u2 ■ Ve, A~'e)H,ds 
Jo 

+ f\\A~'/'{G{e^)-G{eMliK,H)ds. 



By [Re95] we have 



and 



\hJu2-V9,A~'9)hA <lk2||L.||^IUp||VA-i^|Up <Cl|M2||L.||^||i/i/.||VA"i^|| 



Jri ^ H ^ 

<£|A"-5^P + C||^2||l,|A~'/'^|'. 



Here ^ + - = 1 for < 1/g < a - 1/2, iV = and we use H^/'^ ^ continuously. 

^ P ^ 2 q 

Now by (5.1) we have 



|A-i/2^|2 < M(t) + f c\\e2\\^,\A-^/^e\^ds + ^ f \A~^/\ei-e2)\^ds. 

Jo Jo 

Let 

r^=inf{^>0,||^2(^)||L. >n}. 

Then by the weak continuity of 02, are stopping times with respect to J-'t+, {J^t+ '■= ns>tJ-'s)and 
\\02{t A r^)||L9 < n for large n. Also let be a localizing sequence of stopping times for M and 
Tn := A T^. Then, since M{t A r„) is a martingale with respect to J^t+, we get 



E\A-^/^e{tATr,)\^<Cn^E \A-^/^e\^ds + PE {A^^^^ei^ds 

Jo Jo 

=C{n) f E\A-^/^e{sATn)\^ds + ^ [ E\A-'/^e{sATn)\^ds. 



By Gronwall's inequality, we get |A ^^^Oit A T„)p = P — a.s., and recalling that r„ — T as 
n — 7- oo, we obtain that 9{t) = P — a.s. for t < T, thus completing the proof. □ 

From the proof we immediately obtain the following result. 

Corollary 5.2 Assume a > |. If there exists a probabilistically strong solution 62 in the 
sense of Definition 3.1 such that 

sup ||6'2(t)||L'j < 00, P-a.s. 

te[o,T] 
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for some q with 0<l/g<a — | and G satisfies (5.1), then 62 is the only solution to (3.1) such 
that 

E sup |A"^/2^2(t)r < oo- 
te[o,T] 

Thus, combining Theorem 5.1, Theorem 4.3 and the Yamada-Watanabe Theorem in [Ku07], 
we get the following existence and uniqueness result. 

Theorem 5.3 Assume a > ^ and that G satisfies (5.1), (G.l) (4.5) and (4.6) for some p 
with < 1/p < a — |. Then for each initial condition 9o E , there exists a pathwise unique 
probabilistically strong solution 6 of equation (3.1) over [0,T] with initial condition 6{0) = 6q 
such that 

sup ||6'(t)||LP < 00, P — a.s, 
ie[o,r] 

and 

E sup |A-i/2^(t)|2 < 00. 
ie[o,r] 

Combining Theorem 5.3 and Corollary 5.2, we obtain the following more general existence 
and uniqueness result. 

Theorem 5.4 Assume a > ^ and that G satisfies (5.1), (G.l), (4.5) and (4.6) with < l/p < 
a — |. Then for each initial condition 9q G Lp, there exists a pathwise unique probabilistically 
strong solution 6 of equation (3.1) over [0, T] with initial condition ^(0) = ^0 such that 

E sup |A-i/2^(t)|2 < 00. 

t€[0,T] 

Moreover, the solution satisfies 

sup ||6'(t)||z,p < 00, P — a.s.. 

tG[0,T] 



Theorem 5.5 (Markov property) Assume a > \ and that G satisfies (G.l), (5.1) and (4. 5), (4. 6) 
with < l/p < a — |. If 6*0 G , then for every bounded, ;B(if)-measurable F : if — )■ R, and 
all s,t G [0,T], s < t 

E{F{e{t))\J^s){oo) = E{F{e{t,s,e{s){uj)))) for P-a.s.oo G n. 

Here 6{t, s,6{s){uj)) denotes the solution to (3.1) starting from 6{s) at time s satisfying 

E sup |A^i/2^(t)|2 < 00. 

te[s,T] 

Proof By Theorem 5.4, we have 6{t) = 6(t,s,6{s)) P-a.s.. Then by the same arguments as 
in [PR07, Proposition 4.3.3] and the Yamada-Watanabe Theorem in [RSZ08], the assertion 
follows. □ 

Set 

pt{x,dy) := P o {e{t,x)y\dy),0 <t<T,xeH. 
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Here and in the following, we use 6{t,x) to denote a solution with initial value x. We set for 
B(i/)-measurable F : H ^ and t e [0,T], x e H 

PtF{x):= J Fiy)pt{x,dy), 

provided F is pt{x, (i?/)-integrable. Then by Theorem 5.5, we have for F : if — )■ M, bounded 
and S(if)-measurable, s,t >0, 

Ps{PtF){x) = Ps+tF{x), xeLP with < 1/p < a - i. 

Theorem 5.6 Let a G (0, 1). If G satisfies the Lipschitz condition 

\\G{u) - Giv)\\l^^^H) < f3\u - v\' + f34u - v\\l^ (5.4) 

for all M,f e H°', for some /3 G M independent of u,v, and /3i < 2k, then (3.1) admits at most 
one solution in the sense of Definition 3.1 such that 

E sup |^(t)|^ < oo 

t€[0,T] 

and 

r \\A'^''+'9{t)\\%dt < cx), - + - = P - a.s., 

Jo p q 2 

where e G (0, a] and q < oo. 

Proof By the same argument as in the proof of Theorem 5.1, we get (5.2). Set 0^ := (cfc, 0{t)). 
Then Ito's formula and (5.2) yield 

(Pi =2 [ (pkd(j)k + IMit) 
Jo 

=2 [ {u-\/ek,e,){e,ek) + {u2-Vek,e){e,ek)-K{A^''ek,e){e,ek)ds 
Jo 

+2 / {9,ek){ek,{G{9^) - G{92))dW{s)) + [ {{G{9^) - G{92)rek, {G{9^) - G{92)rek)ds. 
Jo Jo 

(5.5) 

Since 

\{U2-V9,ip)\ <||A1-°+V|Up,||A-^(m2^)||^,. < C||A1^"+VIIl.i(||^2|U.i||A""^^IU.2 + ||^||l.i||A""%IU.2) 
<C||A1-°+^V'|Upi(|^2| + |^i|)'-^-^(|A"^i| + |A"^2|)^+^ 
<C||Ai-°+^<^||ii,(|^2|' + l^iH + lA^^aP + |A"^ip, 

the term ■ can be considered as an element in (if Here — + — = 4- and 

^ ^ ^ 91 92 P'l 

/3 + 7 = ^(a-e+^),P2 = 2/(/3 + 7). 
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By a similar calculation for {u ■ V6i,6), the dominated convergence theorem yields 
following: 

/ {u ■Vek,0i){9,ek)ds ^ / (^Hi-a+e,pj^y{u ■V9i,9)Hi-c,+e,pj^ds,N ^ oo, 

/ {u2 ■ Vek,9){9,ek)ds / (^H^-c+,,piy{u2 ■ V9,9)Hi-^+^-^pids, N oo, 
u^mJo Jo 



k<N 

and 



k<N 

Furthermore, since 



V / {A^''ek,9){9,ek)ds^ [ {9,A^''9)ds,N 

1.^1.7 Jo Jo 



— )■ oo. 



t 

2 



mG{u) - < Csup / - < oo, 

s<t 



we obtain 

ft 



N ^ o 



J2 I {9,ek){ek,{G{9,)-G{92))dW{s))^Mr.= [ {9,{G{9,) - G{92))dW{s)) 

k<N-^0 ^0 

Finally, the following inequality holds: 

J2 [\iG{9i) - Gi92)rek, - Gi92))ek)ds < f \\G{9{) - G(^2)||L(x,h)^^- 

Thus, summing up over k < N in (5.5) and letting — )■ oo we obtain 

|^(t)P + 2/t /" |A"^prfs <2M(t) + 2 /" (m- V^i,^) + (M2-V^,^)(is 
Jo Jo 

+ f \m9{) - G{9MUK,H)ds. 



We have 

(m2- V0,0) =0, 

and by a similar calculation as in the proof of [Ju05, Theorem 3.3], we have 

\{u-V9,,9)\ <||Ai-°+^^i|U.,||A"-^(ne)||^,, < C|| A^-^+^^i || A^-^'^IU,, 

<C||A^""+"ei||LPi|^|2-^^^|A"^|^+^ 
<£|A°^|2 + C||Ai-"+^^i||^i,|^|2. 

Here^ + ^ = ^and/3 + 7 = ^(«-5 + ^),P2 = 2/(/3 + 7). 
Now by (5.4) we have 

i^(t)r<M(t)+ rciiAi"-+^^iii^i,ie|2rfs+/3 fm-92)\'ds. 

Jo Jo 
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Define the stopping time 

j-t 

Tn := inf{t > 0, / \\A^~''+'ei\\{l,ds > n}. 
Jo 

Applying Gronwall's lemma, we have 
Consequently, 

E\e{t A r„)r <e'^-+'^'E / mG{e,) - G(^2)||L(^,h)^^ 

Jo 

</3V^"+2/3t f E\e{sATn)\^ds. 

Jo 

By Gronwall's lemma, we get |6'(t A Tn)!^ = P — a.s., and recalling that r„ — )■ T as n — )■ oo, 
we obtain that 9{t) = P — a.s. for t <T, thus completing the proof. □ 
Remark 5.7 For a = 1/2, consider 

m 

= [A^ + M . V^)]rft + J2 ° ^^^i (5-6) 

i=i 

for 6j G M, and independent 1-dimensional Brownian motions Wj. Consider the process 

Then, the process v{t) defined by transformation 

satisfies the equation (which depends on a random parameter) 

dv 

— = Av + f3~^u^ ■ Vv. (5.7) 
dt 

Then by the same argument as in the proof of [CC04, Theorem 3.1], we obtain the local existence 
and uniqueness of smooth solutions starting from periodic initial data. More precisely, for 
P-almost every u E fl, there exists a time t{uj,\A9Q\), such that v e C((0, t), if*") for any 
m > 0. On the other hand, by the same arguments as in [CV06, Section 2], we obtain for any 
T > 0, there exists M{u, \ A9o\) such that 

||^^(t,-)lloo<MfortG [0,T]. 

Then 

||/3"V(t,-)||BMO < Mi(a;,|A^o|,T) forte [0,T]. 
Hence by [KN09, Theorem 1.1], we obtain that there exists 7(cj, \A6o\,T) > 0, such that 

\\vi;t)\\c.iJ2^<CiLO,\Aeo\,T). 
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Then by the same arguments as in the proofs of [CW07, Theorem 3.1] and [CV06, Theorem 
10], we obtain 

\\vi;t)\\ciij2) < Ciico, \A9olT) for t E [0,T]. 

By this a-priori bound and the local existence, we obtain a global regular solution v for P-almost 
every u E Q. Define 

Then we obtain a solution 6 such that 

sup ||A^""+"^||lp < cx),i < ^^4"^ P-a.s.. 

te[o,T] P 2 

So, for this special linear multiplicative noise, we obtain a solution satisfying the condition in 
Theorem 5.6. Unfortunately, we don't get this result for more general noise and « = | since 
the results and the method in the deterministic case (e.g. [CV06], [KNV07], [KN09]) cannot 
be applied directly 

6 Markov selections in the general case 

In this section, we will use [GRZ09, Theorem 4.7] to get an almost sure Markov family {Px)xeL^ 
for Eq. (3.1). Here we will use the same notation as in [GRZ09]. Below we choose 

H = Y = L2(T2) 

and 

X = (iy2+2«)*, X* = 

Then X is a Hilbert space and X* C Y compactly. Let £ = {ei,i G N} be the orthonormal 
basis of H introduced in Section 2. We define the operator A as follows: for 9 G C°°(T^) 

where u satisfies (1.3). Then by Lemma 6.3 below, A can be extended to an operator A: H ^ 
X. For 9 not in H define A{9) := oo. 
Set 

:= C([0,oo);X), 

and let B denote the a-field of Borel sets of VL and let 'P{VL) denote the set of all probability 
measures on (f2, B). Define the canonical process ^ : f2 — X as 

iM = uj{t). 

For each t, Bt = a{i, : < s <t). Given P G V{Q) and t > 0, let P{-\Bt){uj) denote a regular 
conditional probability distribution of P given Bt- In particular, P{-\Bt){u) G V{fl) for every 
u E Q and for any bounded ;B-measurable function / on f2 

E^[f\Bt]= [ f{y)P{dy\Bt), P-a.s., 
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and there exists a P-null set N ^ Bt such that for every uj not in 

P{-\Bi){uj)\t3^ = 6uj{= Dirac measure at u), 

hence 

Pi{y:yis)=uis),se[0,t]}\Bt)iu) = l. 
In particular, we can consider P{-\Bt){u}) as a measure on i.e., 

P{-\Bt){cu)eV{n'), 

where fi* := C{[t, oo); X) and i3* := (t(^, : s > t). 

We say P G ^(^2) is concentrated on the paths with values in H, if there exists A E B with 
P{A) = 1 such that A G {u E Q : ^t{^) E H,'^t > 0}. The set of such measures is denoted by 
Vh{^)- The shift operator $t : — ?■ is defined by 

$t(w)(s) = u{s - t), s> t. 

Following [GRZ09, Definitions 2.5], we introduce the following notions. 

Definition 6.1 A family {Px)x&h of probability measures in Vh{^), is called an almost sure 
Markov family if for any A E B, x ^ Px{A) is i3(if)/i3([0, l])-measurable, and for each x E H 
there exists a Lebesgue null set Tp^ C (0, oo) such that for all t not in Tp^ and P^-almost all 

Px{-miu) = P^^t)0<!?;\ 

We now introduce the following notion of a martingale solution to Eq. (3.1) and write ^{t) 
instead of 

Definition 6.2 Let xq G H. A probability measure P G VlQ) is called a martingale solution 
of Eq. (3.1) with initial value xq, if: 
(Ml) P(^(0) = xo) = 1 and for any n G N 

/•n 

P{^en: \\A{as))hds+ \mismUK;H)ds < +00} = 1; 
Jo Jo 

(M2) for every / G S, the process 

Jo 

is a continuous square-integrable J-'^-martingale under P, whose quadratic variation process is 
given by 

(M,)(t,o:= f\\G*mmrKds, 

Jo 

where the asterisk denotes the adjoint operator of G(^(s)); 
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(M3) for any p E N, there exist a continuous positive real function t Ct,p (only depending on 
p and A,G), a lower semi-continuous positive real functional Np : Y — )■ [0, oo], and a Lebesgue 
null set Tp C (0, oo) such that for all < s G [0, oo)\Tp and for alH > s 

i?^[sup |e(r)r^+ f Mp{ar))dr\Bs]<Ct-smsT + l). 

T&[s,t\ Js 



Remark This definition of martingale solution is different from Definition 4.1. By [On05, 
Theorem 2], it follows that it is more general than Definition 4.1. We will use Definition 6.2 
below. 

First, we prove the following lemma. 
Lemma 6.3 For any ^i, ^2 e ^"^(T^), 

||(-A)"^i-(-A)°^2|k<Ci|0i-^2|, 

\\ui ■ ve, - U2 ■ ve^U < C2{\ei\ + |^2|)l^i - e^l 

for constants Ci,C2. In particular, the operator A : C°°(T^) — t- X extends to an operator 
A: H ^ Xhj continuity. 

Proof We only prove the second assertion, the first can be proved analogously. By the Sobolev 
embedding theorem we have 



||ni • V^i - 


U2 ■ ^02h 






sup 




V^l - U2 ■ V^2 


Ml 




1^2+2^ <1 






sup 


IK- 


Vw,9i) - {u2- 


Vw,e2)\ 


w€C°°{T^):\\w\ 


1^2+2^ <1 






sup 




-U2)-Vw,9i) 


+ {U2 ■ VW, 61 


weC°^(T^):\\w\ 









<C[ sup ||Vw||c(T2)](|ui - ^2! ■ 16*11 + |6'i - 6*21 ■ |n2|) 

«,eC°°(T2):||«,||^2+2«<l 
<C(|^l| + 1^21)1^1 -^2|. 

In the last inequality we use (2.1) and the constant C changes from line to line. □ 
In order to use [GRZ09, Theorem 4.7], we define the functional Mi on Y as follows: 

I lAo-'l^ if " e ff", 

1^ +00, otherwise . 

It is obvious that Mi G il^, defined in [GRZ09, Section 4]. We recall that a lower semicontinuous 
function A/" : Y ^ [0, 00] belongs to it^ if M{x) = implies x = 0, M{cy) < c^M{y),\/c >0,ye 
Y and {y G Y : M{y) < 1} is relatively compact in Y. 

Theorem 6.4 Let a G (0,1) and assume G satisfies (G.l). Then for each xq G H, there 
exists a martingale solution P G V{Q) starting from xq to Eq. (3.1) in the sense of Definition 
6.2. 
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Proof We only need to check (C1)-(C3) in [GRZ09, Section 4] for the above A and G. 
(CI) holds since Lemma 6.3 implies demi-continuity of A and G. 
(C2) follows, because noting that for 6* G X* 

{u-ve,e) = 0, 

we have 

{A{9),9) = -^^^i9). 
Also (C3) is clear since by Lemma 6.3 

\\A{e)h < c\e\' 

and 

\\GmL,iK;H)<C{\9\ + l). 

□ 

The set of all such martingale solutions with initial value xo is denoted by C{xq). Using 
[GRZ09, Theorem 4.7], we now obtain the following: 

Theorem 6.5 Let a G (0, 1). Assume G satisfies (G.l). Then there exists an almost sure 
Markov family {Pxo)xo£H for Eq. (3.1) and P^.^ G C(xo) for each Xq G H. 

7 Ergodicity for > | 

In this section, we assume that a > ^, K = H , and that G satisfies: 

Assumption 7.1 There are an isomophism Qq of H and a number s > 1 such that G = 
A~^QI^'^ , and furthermore, G satisfies (4.5) for some fixed p G {{a — |)~^,oo) and fj = ej, 
(which is e.g. always the case if Qo = )• 

For X := 6q E L^, let denote the law of the corresponding solution 6 to (3.1). Then 
by Theorems 5.4 and 5.5 the measures Px,x G L^, form a Markov process. Let {Pt)t>o be the 
associated transition semi-group on Bb{H), defined as 

Pi(^)(x) := P..b(6)], xeLP,^e Bt{H), (7.1) 

where denotes expectation under P^. 

7.1 The strong Feller property for a > | 

In this subsection we prove that its transition semigroup has the strong Feller property under 
appropriate conditions. 

Remark 7.1.1 (i) Since in our case a < 1, the linear part (—A)" in (1.1) is less regular- 

s-\-a 1/2 

izing. As G = A~^2^Qq , we get the trajectories z of the associated 0-U process to be in 
C([0,oo),i/''+2a-i-e) g^g^y ^ > q (^ f^ [DZ92, Theorem 5.16], [DO06, Proposition 3.1]). 

However, in order to prove the weak-strong uniqueness principle (see (7.2) and Theorem 7.1.3 
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below) and the strong Feller property of the semigroup associated with the solution of the cut- 
off equation (see Proposition 7.1.4 below), we need z G C([0, oo), if'*"'"^"""'""'^) for some a\ > 0. 
Therefore, we need s + 2a — l>s + l — a, i.e. a > |. The situation of the 3D-Navier-Stokes 
equation is different. While in our case the needed regularity of z is higher than the regularity 
of our solution space C{{0, oo), H^) for the cutoff equation (7.2), for the 3-D Navier-Stokes 
equation the needed regularity of z is the same as for the solution of the cutoff equation. 

(ii) Since a < 1, we can't use the same type of estimate as in [FR08] (c.f. [FR08, Lemma 
D.2]) to obtain our results. We use Lemma 2.1 and choose suitable parameters {s,ai,a2) such 
that the approach in [FR08] can be modified to apply here (see (7.6)-(7.10), (7.13) and so on ). 

(iii) It seems difficult to use the Kolmogorov equation method as in [DD03], [DO06] or a 
coupling approach as in [O08] in our situation. In fact, to get a uniform H^-noTm estimate 
for the solutions of the Galerkin approximations of the equation (1.1) for some s > 0, the 
regularity, needed for the trajectories of the associated Ornstein-Uhlenbeck (0-U) process z is 
higher than H'', which is entirely different from the situation of the 3-D Navier-Stokes equation. 
According to the method in [DD03], DO06] and [O08], we should use the solutions' if'^+^-norm 
to control the if'^"'""-norm of the derivative of the solutions as required for the Bismut-Elworthy- 
Li formula. In particular, the associated 0-U process z should be also in if*"*"". However, under 
Assumption 7.1 for the noise, our 0-U process z is only in L'^[[0,T], H^~^^°'~^). As a result, for 
their method to apply here, we need even a > 1. 

Fix s > 1 as in Assumption 7.1 and set W := and |a;|w •= 
Now we state the main result of this section. 

Theorem 7.1.2 Under Assumption 7.1, {Pt)t>o is W-strong Feller, i.e. for every t > and 

We shall use [FR08, Theorem 5.4], which is an abstract result to prove the strong Feller 
property. In order to use [FR08, Theorem 5.4], we follow the idea of [FR08, Theorem 5.11] to 

( R) 

construct Px ■ We introduce an equation which differs from the original one by a cut-off only, 
so that with large probability they have the same trajectories on a small random time interval 
(see (7.3) below). We consider the equation 

de{t) + Ae{t)dt + XRi\0\w)u{t) ■ Ve{t)dt = GdW{t), (7.2) 

where Xr-'^^ [0, 1] is of class such that Xr{\0\) = 1 if \0\ < R, XrH^I) = if |^| > i? + 1 
and with its first derivative bounded by 1. Then, if we can prove the following Theorem 7.1.3 
and Proposition 7.1.4, Theorem 7.1.2 follows. 

Theorem 7.1.3 (Weak-strong uniqueness) Suppose Assumption 7.1 holds. Then for every 
X G W, Eq. (7.2) has a unique martingale solution Px , with 

Pf)[C([0,oo);>V)] = l. 

Let tr : f2 — 7- [0, oo] be defined as 

Tr{u) = mi{t > : \u{t)\l^>R}, 
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and tr{u) = oo if this set is empty. If x G W and < R, then 



Moreover 



lim P^^HItr >e] = l, uniformly inheW, \h\w < 1. (7.3) 



E^^"'[(p(6)i[.,>*]] = i5;^-b(6)i[.,>*]], (7.4) 

for every t > and <yC G Bb{H), where Px is the martingale solution of (3.1). 
Proof Let z denote the solution to 

dz{t) + Az{t)dt = GdW{t), 
with initial data ^(0) = and let Vx be the solution to the auxiliary problem 

+ Av^^\t) + «(^)(t) ■ V(^/^)(t) + zit))xHi\v'-^^ + z\l,) = 0, (7.5) 

with v^^\0) = X. Here u^^\t) = Uy(R){t) + Uz{t), u^iR) and Uz satisfy (1.3) with 6 replaced by 
and respectively. Moreover, define := v^^'^ + 2, which is a martingale solution to 
equation (7.2). We denote its law on Vt by Px^\ By Assumption 7.1 the trajectories of the 
noise belong to 

n*:= fl C^([0,oo);D(A'')), 

/3G(0,i),«g[0,^-5L) 

with probability one. Hence, the analyticity of the semigroup generated by A implies that for 
each w G fi*, z{uj) G C([0, 00), D(A*+2"-i-^)) for every e > 0. 

Now, for a; G r2* we prove that Eq. (7.5) with z{uj) replacing z has a unique global weak 
solution in the space C([0, 00); W). First, we obtain the following a-priori estimate for suitable 
ai, > with (72 < -5, + o"! = 1, s + (Ji — « + 1 < s + 2a — 1 < s + a, where we used that 
a > I since < cri < 3a — 2: 



l^|A^y{«)|2 + ;,|A^+"y(«)|2 <C7xi?(|^(''^|^)|A^-°+'i?(M(^)0(^))| ■ |A^+"t;(^)| 

<C^Xr(I^^^^Iw)|A'"°+'+"^^^^^||A"^^(^)| ■ |A^+°t;(^)| 
<C^Xi?(l^^^^^lw)(|A'""+'+"^t^^^^| + |A"-°+i+"i^|) ■ |A^+°?;(^)| 
<C^Xi?(l^^^^^lw)(C|A'i;(^V"1A^+"i;(^)r + |A^-"+i+"^2|) ■ |A^+"t;(^) 
<C^Xi?(l^^''^lw)(|A'^'^''f + lA^-^+^+'^^^n + -|A^+"i;(«f 

<C^Xk(|^^'^^Iw)(C(^) + lA'-^-^'+'^^n + -|A^+"y(^)|2, 

^ (7.6) 

where r := L_s±£i Here in the second inequality we used Lemmas 2.1 and 2.2, and in the 
fourth inequality we used the Gagliardo-Nirenberg inequality and in the fifth inequality we 
used Young's inequality. Then as in Theorem 3.4, we prove (7.5) has a weak solution in 

L-([o,r],w). 
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[Continuity] For each uo E , ai and cr2 as above, since s — a + l + (Ti<s + 2a— 1, we 
have z e C([0, oo); Z}(A''~"+^+'^i)). For s > 3 — 3a, sq = s — a, muhiplying the equations (7.5) 
by j-^K^^'-'v^^\ we obtain 

2 dij 

+ i|A^V^f . 

Here in the second inequahty we used Lemmas 2.1 and 2.2, and in the third inequahty we used 
the Gaghardo-Nirenberg inequahty and Young's inequahty. 

can be dominated by the same arguments as (7.6), we get an 
a-priori estimate for the time derivative -^v^^^ in L'^{0,T; H^°). Then by [Te84], we obtain 
v^^^ e C([0,T], W). 

[Uniqueness] Let 9i, 62 be two solutions of Eq. (7.5) in C([0, 00); W) and set w := 61 — 62 
and Uw '■= Ui — U2- Then by a similar argument as in the proof of Theorem 5.1, we have for 
small £0 > 

^ |A^"w;|2 + k|A^«+°w;|2 = - (xif^(|^i|^) - XifXI^2|^))(A^''+'"^"(ni ■ V^i), A^"+""^"u;) 



2dr 



- Xii(|^2lw)(A'°""(«i ■ Vw; + ■ V^2), A^°+"w) 

--1 + 11 + in. 



As 

IXi?(l^ilw)-X/?(l^2|^)|<C(i?)|ti;|w[l (l^2|^)], 
we have for ai, 02 as above. 



/ <C[l[o,ii+i](|^i|^) + l[o,i?+i](|^2|^)]klw ■ |A^«"°+^»+i+-^^i||A-^i| ■ |A^«+--^° 
<C(i?, I^ilw, |^2|>v)kl>v|A^"+"^^"w^| (7.8) 
<C{R,\Q^\y,,\Q2\wWwf + -^wfy,, 

where Sq + a = s. Here in the first inequality we used Lemmas 2.1 and 2.2, and in the third 
inequality we used the Gagliardo-Nirenberg inequality and Young's inequality. In a similar way, 
we obtain 



w\ 



II <c{R,\ei\yvWw\^ + '^\W^^ 



4' 



and 

III <CiR,\92M\A''w\^+'^\w\l^. 

Then we obtain 



1/7 

|A^Oy,|2 + «|A^o+"w;|2 <C(i?, sup |^i(t)|w, sup \e2it)M\A''w\^ + —\w\l^. 
2 dt te[o,T] iG[o,r] 4 

By Gronwall's lemma we have |A''°m;| = 0, which implies w = 0. 
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So Eq. (7.5) has a unique global weak solution in the space C([0, oo); W). 

Next, we prove (7.3). In order to do so, it is sufficient to show that Px^^tr < e] < C{e, R) 
with C{e,R) | as e i 0, for all x G W, with < ^ . So, fix e > small enough, let 
es,R ■■= suptg[o,e] |A'""+^+^^^(t)| and assume that 9^^ < |. Setting (p{t) := jf^^^lvv + ^Ir, by 
(7.6) we get < C{R). This implies, together with the bounds on x and Qe,Rj that 

\e^^\t)\'^<2{\v^^\t)\l,+ \z{t)\'^)<R, 

for e small enough. In particular, since this holds for all t < e, it follows that tr > e. Hence 

Pf^[^R <^]< sup |A^+i+<^i-°^(t)|2 > -]. 

te[o,e] 8 

Letting e J, 0, we have Pi^^ [tr < e] — t- 0, and the claim is proved, since the probability above 
is independent of x. 

Finally, the same arguments as in the proof of Theorem 5.1 imply that 

e.it A TR^ei''^)) = ei''\t a rK(^f ))) Vt, - a.s.. 

( R) 

Moreover, since 9 is if- valued weakly continuous, we obtain tr{9x ) = tr{9). □ 
In order to apply [FR08, Theorem 5.4], we now only need the following result. 

Proposition 7.1.4 For every R > 0, the transition semi-group (P^ )t>o associated to Eq. 
(7.2) is W-strong Feller. 

Proof We shall provide formal estimates, that can, however, be made rigorous through Galerkin 
approximations. Let (E, J^, (J^j)j>o, P) be a filtered probability space, {Wt)t>o a cylindrical 

( R) 

Wiener process on H and, for every x e W, let 9r' be the solution to Eq. (7.2). By the 
Bismut, Elworthy and Li formula, 

D,(p(^V)(x) = -^E^m9i^Ht)) j\G-'Dy9i^\s),dW{s))], 

where Dy{Pi^^^l)) denotes (P>(Pi^^V), y) for y e H, and thus, for < 1, by the B-D-G 

inequality 

|(Pf V)(xo + h)- (P/^V)(xo)| < y sup E^[{ f \G~'D,9['^^^,{srdsY'\ 

The proposition is proved once we prove that the right-hand side of the above inequality con- 
verges to as |/i|>v — 0. 

Fix a; e W, 2/ G if and write 9 = 9i^\ D9 = Dy9,Du = DyU. The term D9 solves the 
following equation 

jD9 + kK^^{D9) = -[xRmw)[Du ■V9 + U- VD9] + 2x^(|^|^)(^, D9)y,u ■ V9]. 
Multiplying the above equation with A^^D9 and taking the inner product in L^, we have 
~\AW9\'+K\A^+'^{D9)\' = -{[XRmlv)[Du-V9+u-VD9]+^^^ 
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For the first term on the left hand side, we have for \d\y^ < R 

\{Du-ve,A^'De)\ =\{A'~"{Du ■ ve), A'+''De)\ 

<e|A^+"Z}^|2 + C{C{R) + |A^+"t;|2 + \A'-''+^+''' z\^)\A' D9\^ , 

(7.9) 

for (Ti, o"2 as above, where we used Lemmas 2.1, 2.2 in the first inequality as well as the Gagliardo- 
Nirenberg inequality and Young's inequality in the second inequality. 

The second term can be estimated similarly. For the third term, by Lemmas 2.1, 2.2 we 
have 

I {u ■ we, A^'DO) I =1 (A^-"(m ■ \/9),A'+''D9) \ 

<C|A'^"+^+"^^||A"2^| ■ |A'+"De| (7.10) 
<C(|A^+"t;| + |A"-"+i+"iz|)|A^^||A^+"D^|. 

Then we obtain 

-^\A'Def + k\A'+''{D9)\'' <-|A"+"(D^)|2 + C{C{R) + |A"+°w|2 + |A^-°+i+"izH|A^D^|2. 

From Gronwall's inequality we finally obtain 

ft i-t 

A^+"(De(/))|2d/ < exp(C / (C(i?) + |A"+"i;p + |A^-"+i+"^zpd/))|A"/i|2. 
Jo 

By (7.6) we obtain 

E / |A^+"(Z}^(/))prf/ < Vexp(Ct(C(i?) + cn2))P(sup|A^-"+i+"i2| > n)\A'h\^. 

Jo „=i m 

Because of Assumption 7.1 and since 2 is a Gaussian process, one deduces that there exist 
77, C > such that 



P[sup |A^-"+i+"iz(/)|2 > Ro] < Ce""- 

«6[0,f] 



(see e.g. [FR07, Proposition 15]). Then for < we obtain 

E [° \A'+''{D9{s))\^ds < c{to,R)\A'h\'^, 



which, as G = Qo A*"*"", implies the assertion for to. For general t, by the semigroup property 
the assertion follows easily. □ 

7.2 A support theorem for a > 2/3 

A Borel probability measure fi on H is fully supported on W if fi{U) > for every non-empty 
open set U C W. Set Wi := D{A^^°''^^^'^^), where o"i is the same as in the proof of Theorem 
7.1.3 and we will use it below. 
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Lemma 7.2.1 (Approximate controllability) Let > 0, T > 0. Let x G W and y G W, 
with Ay G Wi, such that 

I |2 ^ I |2 

fIw ^ \y\w ^ 

Then there exist (a control function) u G Lip([0, T]; Wi) and 

e G c([o, T]; w) n l2([o, t]- d(a^+°)), 

such that 6* solves the equation 

e{t)-x+ f Ae{r) + XR{\e\l^)u{r)-Ve{r)dr = u{t) cit - a.e.t G [0, T], (7.11) 
Jo 

with 6'(0) = X and 6'(T) = and 

sup |^(t)|^<i?. (7.12) 

tG[0,T] 

Proof First consider a; = 0. Then by an inequality similar to (7.6), we get 

d 



dt 



9Yy, + K\K^e\i^<c{R)\e\i^. 



Hence by Gronwall's lemma 9{t) G /^(A*'^") for almost every t G [0,T] and, by solving again 
the equation with one of these regular points as initial condition, by Lemma 2.1 we have 

^l^a+s^|2 ^ ^|a2"+^^|^ < c\k^^-^'e\\k'+^+''e\\\e\\Lv < c(i?)|A^+"e|2 + -\k'+^''e\\ 

where a = ^ < 2a — 1 and where we used the Lp-estimate in the same way as in the proof of 
[Re95, Theorem 3.3]. Then we find a small G (0, f ) such that |^(t)|^ < R and A^(T*) G Wi 
for all t < T^. Define 9 to be the solution above for t G [0,T*] and extended by linear 
interpolation between y and ^(T*) in [T*,T]. Then obviously (7.12) follows. 
Next, if we set 

T] := dtO + Ae + xr{\o\Iv)u -ve, %<t< t, 

cu := for t < and Ci;(t) = Tj^ds for t G [T^,,T], we also have (7.11). It remains to prove 
that 7] G L°°(0, T; Wi). For the first two terms of rj this is obvious. For the non-linear term we 
have that 

\u-ve\^,<c\K^^e\l;^, 

for any 6 G L'(A"+'^i+i+°). □ 

Let / G (0, |) and p > 1 such that / — ^ > 0. Under this assumption we see that for every 
«! < ^^2~^ the map 

uj^z{-,uj) : l^^'P([0,r];D(A"^)) ->C([0,T];D(A"^+'-^"")) 
is continuous, for all e > 0, where z is the solution to the Stokes problem 

z{t) + [ Az{s)ds = u{t). 
Jo 
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In particular, it is possible to find ai G (0, s and p such that the above map is continuous 

from W^'P{[0,T];D{A''^)) to C{[0,T]; D{A'-^+^+''^)). 

Lemma 7.2.2 ( Continuity with respect to the control functions) Let l,p and ai be chosen 
as above, and let a;„ — w in W'''P{[0,T]; D^A""^)). Let 9 be the solution to equation (7.11) 
corresponding to u and some initial condition x, and let 

r = inf{t>0: |^(t)|^>/2}, 

where as usual we set inf = oo. For each n G N, define similarly 6'„ and r„ corresponding to 
ojn with the same initial condition x. If r > T, then Tn> T for n large enough and 

Proof Set Vn := On — Zn for each G N, and v := 9 — z, where Zn,z are the solutions to 
the Stokes problem corresponding to Un,uj respectively. Since w„ — )■ a; in H^''^([0,T]; D{A°'^)), 
we can find a common lower bound for (r„,)„gN and r. For every time smaller than this lower 
bound to, by (7.6) we have 

sup |A'e„p < R, sup \A'e\'^ <R, sup |A'-"+^+"iz„,| <C{R), 

{0,to) (0,to) (0,to) 

and 

sup |A^-"+i+"^z| < C(i?), / " |A"+"i;„(Orrf/ < C(i?), / " \A'+''v{l)\^dl < C{R), 

{0,to) Jo Jo 

where C{R) is a constant depending only on R. Moreover, we obtain for t < to 
d 



dt 



= [((«,„ - U,) ■ V^„, A^'{V - Vn)) + {U ■ V{Vn - v) , A^\v - Vn)) 
+ {iu,„ - U,) ■ V^„, A'^'iv - Vn)) + {U ■ V{Zn - z), A"^' {v - Vn))]- 



For the first term on the right hand side, by using Lemmas 2.1, 2.2 we have 

- v) ■ V9n,A^\v - vn))\ <C|A^+"(i; - i^JHA^-^+i+'^H^' " ^n)l|A'^^^„| 

+ C|A^+°(t; - ^;„)||A^-"+i+'^^^„||A'^^(t; - Vn)\ 

<^\A'+-{V - Vn)? + {C{R) + \A^Vn? + W^-Vn?)\A\v - Vn)\' 
+ c\A'~''^^^''^Zn\^\A\v~Vn)\^. 

{7A3) 

The other term can be estimated similarly. Then we obtain 

^1^^ - Vn\w + 2K\A°'{Vn - v)\ly 
<K\A''{Vn -V)\l, + C{C{R) + lAXIw + |A"^'lw)(K' - + lA^^^+l+'^H^ - Zn)?). 
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Here 0"i,(T2 are as above. Then by Gronwall's lemma 

\v - vnllv < 0nexp(C f\c{R) + lA'^Vnllv + |A"w|^)rf/) f\c{R) + |A%„|^ + \A''v\l^)dl, 

Jo Jo 

where 9^ = sup[o,T] |A"""+^+''H^-^„)|. We conclude ^„ ^ ^ in C([0, T]; W). Now, since r > T, 
if 5 = sup^gjQy] |A*6'(t)p, then S < R and we find 5 > (depending only on R and 5") and 
no G N such that 9„ < 5 and |f„ — f |^ < 5 for all n > uq, and so 

Then r„ > T for aA\ n > Uq. □ 

Theorem 7.2.3 Suppose Assumption 7.1 holds and for a; G let Px be the distribution of 
the solution of (3.1) with initial value 6{0) = x. Then for every x G W and every T > 0, the 
image measure of at time T is fully supported on W. 

Proof Fix X G W and T > 0. We need to show that for every |/ G W and e > 0, Px[\dT — y\yv < 
£] > 0. Let ?/ G W n £)(/!) such that A?/ G Wi and |?/ - y\w < §• Choose > such that 
3|a;|^ < R and 3|?/|^ < i?. Then by Theorem 7.1.3, 

p.[\Ot - y\w < e] >Px[\Ot - y\w < |] > P.[\0T - y\w <^^^r> t] 

=^f^[I^T-y|w<|,rK>T]. 

By Lemma 7.2.1, there is a control u G W^'''^{[0,T]] D{A°'^)), with l,p and ai chosen as in 
Lemma 7.2.2, such that the solution 6 to the control problem (7.11) corresponding to u satisfies 
^(0) = x,e{T) = y and |^(t)|vv < f^- By Lemma 7.2.2, there exists 6 > such that for all 
CO G W'''P{[0,T]; D{A'^^)) with \uj — u!\w''P{[o,t];D{A"i)) < we have 

|6'(T,a;) - y|w < J and sup \9{t,u)\% < R, 

^ tG[0,T] 

where ^(-,0;) is the solution to the control problem (7.11) corresponding to uj and starting at 
X. Hence 

Pf^WQT - y\w < |, > T] > )[|r/ - C^|iy^P{[0,T];D(A<^l)) < 5], 

where r]t = 9t — x + Jq{A6s + Xifd^slw)"" ' ^^s)*^*, hence 6'^ = 6'(T, 77), and the right hand side 
of the inequality above is strictly positive since by Assumption 7.1 r/ is a Brownian motion in 

7.3 Existence of invariant measures for a > | 

In this subsection, we prove the existence of invariant measures. Let 6n denote the solution of 
the usual Galerkin approximation 

r dOnit) + Ae^{t)dt + Pn{Ur,{t) ■ Ven{t))dt = P,G(^„ (t) )ciiy (t) , 
\ ^„(0) = PnX. 
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Lemma 7.3.1 Let a > |. If x G H^,n G N, t > 0, then there exist 6i > and 70 > such 
that 



E[[ lA-^^^^I^Vr] <C(l + t)(|a;p + l), 
Jo 



where C is independent of x and R. 

Proof We apply Ito's formula to the function (1 + \A^9\'^)~p for 5 > 2 — 2a and get 



(1 + |A^^|2)P (l + |A5x|2)p 



{A^e,A^GdWr) [' Tr[GG*A 



^^io (1 + |A5e|2)p+i (l + |A^^|2)p+i'^'' 



L 2(5l 



+ MP + 1)1 j^^jxWW 



where for simplicity we write 9 = On- Choosing o"^, a 2 with ^ + '^1 = 1, 5 + o"^ — a + 1 < 
5 + a the non-linear part is estimated as follows: 

|(A'^-"(u • V^), A-^+^e)! <C|A^-°+^+"'i^| ■ |A"2^||A^+°^| 

<C|A''^P + lA-'+^^l^, 

with m = ^g^^E^. 

Then for p big enough we obtain 

( (1 + |A'^nP)^+^ 



Since by Young's inequality 



' - ^(l + |A5^„|2)p+i + J 



for 5 < a we obtain 



E[! lA-^+^e^p^dr] <C(l + t)(|a;|2 + l). (7.14) 
Jo 

If 5 > a, we already know that some power of |A''6'„| is integrable with respect to dt® P. Then 
one proceeds as in the previous case to obtain (7.14). We choose 5 + a > s and obtain the 
assertions. □ 



Theorem 7.3.2 Let « > | and suppose Assumption 7.1 holds. Then there exists a unique 
invariant measure z/ on W for the transition semigroup {Pt)t>o- Moreover: 

(i) The invariant measure u is ergodic. 

(ii) The transition semigroup {Pt)t>o is W-strong Feller, irreducible, and therefore strongly 
mixing. Furthermore, Pt{x,dy),t > 0,x E W, are mutually equivalent. 
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(iii) There are 6i > and 70 > such that 
Proof Choose Xq G and define 

1 /•* 
Jo 

Since 

by Lemma 7.3.1 we obtain 

This imphes that fit is tight on W. The strong Feller property of Pt follows from Theorem 7.1.2. 
Hence, a limit point of Ht is an invariant measure for {Pt)t>o- Therefore, by Doob's theorem, 
the strong mixing property is a consequence of the irreducibility. 

Remark 7.3.3 If we don't assume that G satisfies (4.5), the solution of equation (3.1) may 
be not unique. Then we can also prove the above results for each Markov selection P^,x G W, 
corresponding to (3.1) and the respective semigroup {Pt)t>o by similar arguments as [R08]. 

Remark 7.3.4 (i) (Mildly degenerate noise) We can also consider the ergodicity of the 
equation driven by a mildly degenerate noise as in [EHOl]. For this we have to use an extension 
of the Bismut-Elworthy-Li formula. We have the same problem as explained in Remark 7.1.1. 
So, we can just get the result for a > 2/3. 

(ii) (Degenerate noise) There are many papers considering 2D Navier-Stokes equation driven 
by degenerate noise. Contrary to the 2D Navier-Stokes equation, no Foias-Prodi type estimate 
is available for the quasi-geostrophic equation. It seems impossible to use a coupling approach 
as in [KS02], [BKL02], [M02] to prove ergodicity in the case where equation (3.1) is driven by 
a degenerate noise. It also seems difficult to use the method in [HM06] to prove ergodicity. 

7.4 Exponential convergence for a > | 

As will be seen below, we shall need uniform L^-estimates, and a crucial ingredient to prove 
them is Krylov's L^-Ito formula. In order to obtain a uniform estimate, the L^-estimate known 
from the deterministic case (see e.g. [Re95]) is not strong enough for our purpose. Therefore, 
we need the following result, which is an improved version of the "positivity lemma" from 
[Re95, Lemma 3.2]. 

Lemma 7.4.1 ( Improved positivity Lemma ) For a G (0, 1), and 9 ^ V with h?°'9 G L^, for 
some 2 < j9 < 00, 

f |^|P-2^(A2a _ > 0. 

J P 
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Proof Denote the semigroup with respect to — A^" + ^ and — A^" in by and P^, 
respectively. Then we have P°/ = e^^^^^'^P^ f . Since 

and 

||P//IU^ < ll/IU^, 

by the interpolation theorem, we have 
Thus, 

WPt'fh^ < II/IU.. 

Then we have 

Jt\\PtO\\% = I iP^er^P^Pn-A''' + ^-y)0)dx <0. 

Letting t — 0, we obtain our result. □ 

Proposition 7.4.2 Let a > |. For x G L'p, let 9 denote the solution of equation (3.1). Then 
for 2 < p < cxD 

E\\e{t)\\l, < \\x\\l,e-'^' + ^{1 - e-'^% 

Proof Let 6'„ be the approximation defined in the proof of Theorem 4.3. Using [KrlO, Lemma 
5.1] for 9n, we obtain 

IP -\\a(^\\\P I f f \Q(n\P~'iQ(n( x'ia. 



\m\\%=\m\\%+ / [-P m)r%i){A''^e{i)+u{i)-veii))d^di 

Js JT2 

+ Ip{p - 1) / m)r\Yl 1^^^" * G{e,)\')dQdi + p f [ m)r'eii)ks„ * cd^dwii) 

^ j Js ^T2 

<ii^(.)r^,-2Ai f [ \e{m^di+ f\p{p-i) [jeii)r\j2\ks„*Gie,)f)d^di 



+p / / m)r'e{i)ks,^*Gdidw{i) 

Js JT2 

<||^(.)ir^,-2Ai r / \e{m^dl+ l\e I \e{l)\M^ + C{e) [ {J2\ks^ * G{e,)\Y'dOdl 

J s Jt^ J s Jt^ J j 

+p f [ m)r'eii)ks„*Gd^dw{i), 

Js JT2 

where we used Lemma 7.4.1 to get the first inequality and for simplicity we write 6[t) = 6n{t, x). 
Taking expectation we obtain 

E\\er,{t)\\l, < E\\er,{s)\\% - EX, f [ \e^{l)\Pd^dl + C{e,p){t-s). 

Js 7t2 
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Then by Gronwall's lemma we have 



E\\Onmi.<\\OnmfL.e~'^' + Y^^-^ 



Aii I /'I ^— Al^^ 



Then taking the hmit — )■ oo in the above inequahty we deduce 



□ 



Lemma 7.4.3 Let a > 2/3. Suppose Assumption 7.1 is satisfied with s > 3 — 2a. Let 6 
denote the solution of (3.1) and take p as in Assumption 7.1. Then for every Rq > 1, there 
exist values Ti = Ti{Rq) and Ki = Ki{Rq) such that if |6'o| < Rq, ^'^Pte[o,Ti] II^IIlp — -^o? and 
suPt6[o,Ti] |A^-"+i+'^i+'^^(t)|2 < i?o for some < 5 < 3a - 2 - ai, then |A^+''^^(Ti)|2 < JsTi. 

Proof By Ito's formula, we obtain that there exists Kq = Kq{Rq) > and for P-a.s. u, 3 
to{u) > such that 

iA"^(to)r<i^o. 

For any r > 0, by Lemmas 2.1, 2.2 we have the following a-priori estimate for = 

" 2 p 

and a = 

'^'A'v\^ + \A'+''v\^ <\{u- Ve,A^'v)\ 



dt 



<C|A^+"i;| ■ |A''-"+^+"^| ■ II^IIlp (7.15) 
1 

■4' 



We choose the approximation 9n as in the proof of Theorem 4.3 with initial time t = replaced 
by the initial time t = to{u) and ^„(to) = ^(^o)- Set Zn = e'^^-'^^ks^ * GdW{s). Then we 
have the following L^-norm estimate of := — z„ 



d 



Thus we have 



fnlliP <Cp||Vz„||oo(||fn|lLP + ll^n || |l || LP ^) 



^ 'K'nlUf <C||Vz„||oo(||fn||Lf + IknlUf)- 



dr 

Then by Gronwall's lemma and since s > 3 — 2a, we obtain the desired uniform L^-norm 
estimates for On- Moreover, by (7.15) and Gronwall's lemma we obtain the uniform iif-norm 
estimates for By a similar argument as in the proof of Theorem 3.4 we have that f„ 
converges to some process v in L'^{\tQ,T], H) such that v + z \s the solution of (3.1) in [to,^]- 
Then by the uniqueness proof in Theorem 5.1 we have v = v in [to?^]? which implies that v G 
L~([to, 00), H") n LL([^o, 00), i/^+°) P-a.s.. Therefore, (7.15) also holds for v with t e [to, 00). 

Then by (7.15) for r = a, we obtain that there exist Ki = Ki{Rq) > and ti = ti{u) > to{uj) 
such that |A^"u(ti)| < Ki. Using (7.15) for r = 2a we obtain that there exists To = To(-Ro) such 
that |A^"u(To)| < Ki. Then we proceed analogously and obtain that there exists Ti = Ti(i?o) 
such that |A"+''t;(Ti)| < Ki for some < 5 < 3a - 2 - ai. □ 
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Lemma 7.4.4 Let a > 2/3. Suppose Assumption 7.1 holds with s > 3 — 2a. Then for each 
R> 1 there are Ti > and a compact subset K C W such that 

inf Pti {x, K) > 0, 

\M\lp<R 

for p as in Assumption 7.1. 

Proof Define K := {x : \A'^^^x\'^ < Ki{Rq)}, where Ki{Rq), 6 comes from the previous lemma. 
By Lemma 7.4.3, for R < Rq we have 

inf Pt,{x,K)> inf (1 - sup |A^-"+^+"^+^^(t)|2 > i?o] 

M\lp<R M\lp<R iG[0,Ti] 

-P4 sup ll^ll^p >Po]), 

te[o,Ti] 

where we used Lemma 7.4.3 in the last step. Under Assumption 7.1, since 2; is a Gaussian 
process, one deduces that there exist 77, C > such that 



P,[ sup |A^""+^+'^i+^z(t)|2 > i?o] < Ce-""^, 
te[o,Ti] 

(see e.g. [FR06, Proposition 15]). By Theorem 4.3, we obtain 

sup P,.[ sup \\e\\lp > Ro\ < sup '—^ < — — . 

||x||^p<if, te[0,Ti] \\x\\lp<R -"-0 ^0 

Choosing Rq big enough, we prove the assertion. □ 

The exponential convergence now follows from Lemma 7.4.4 and an abstract result of [GM05, 
Theorem 3.1]. For p as in Assumption 7.1, let : — M be a measurable function and define 
:= snp^^^p and ||i^||y := sup||^||^,<]^(i^, </>) for a signed measure u. 

Theorem 7.4.5 Let a > 2/3. Suppose that Assumption 7.1 holds with s > 3 — 2a and let 

V{x) := 1 + ||x||^p for p as in Assumption 7.1. Then there exist Cexp > and a > such that 



for alH > and xq € L^, where || ■ \\tv is the total variation distance on measures. 

Proof By a similar argument as the proof of Lemma 7.4.3 we obtain Pt{x, W) = 1 for x G U". 
By [GM05, Theorem 3.1], we need to verify the following four conditions, 

1. the measures ■))t>t),x<^LP are equivalent, 

2. a; — r) is continuous in W for all t > and all Borel sets T G H, 

3. for each R> 1 there exist Ti > and a compact subset K G W such that 

inf Pt, (x, K) > 0, 

\\x\\lp<R 

4. there exist k,b,c > such that for all t > 0, 

E''^mt)\a<k\\x\\lpe-'' + c. 
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Condition 1 can be verified by [GM05, Lemma 3.2] and Pt{x, W) = 1 for x G L^. The other 
conditions can be verified by Theorem 7.3.2, Lemma 7.4.4 and Proposition 7.4.2. □ 

Remark 7.4.6 (i)For a > | we can get a better result following a similar argument as in 
[R08]. Namely, there exist Ccxp > and a > such that 

||P;5^o - ij\\tv < \\PtK - I^Wv < Ccxp(l + koHe-"*, 

for all t > and Xq € H. Here Pt could be every Markov selection associated to the solution of 
equation (3.1). 

(ii)The reason why a > | is needed, is as follows: As in Theorem 7.1.2, we can prove Pt is 
if^-strong Feller with s > 3 — 3a. And for a solution 6 of equation (3.1) starting from x E H, 
we can prove that it will enter H°' only under our condition on the noise. If the process 6 enters 
H'^, we can prove that it satisfies the above four conditions. Hence, to obtain exponential 
convergence for every x E H, we need the process starting from x E H io enter H^. Hence we 
need 3 — 3a < s < a, i.e. a > |. 
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